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ABSTRACT 

A  class  of  singular  parabolic  equations  is  studied.  It  is  proved  that  an 
initial  and  boundary  value  problem  associated  with  the  equation  has  a  bounded 
solution  which  is  continuous  in  the  interior  of  its  domain  of  definition.  The 
case  of  the  inhomogeneous  porous  medium  equation  with  bounded  initial  data  is 
included. 
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SIGNIFICANCE  AND  EXPLANATION 


In  applications  there  arise  nonlinear  partial  differential  equations 
which  change  type  at  points  where  the  solution  takes  on  certain  values. 
Examples  are  heat  flow  with  a  temperature  dependent  conductivity  and  the  flow 
of  a  gas  through  a  porous  medium.  Only  in  recent  years  has  there  been 
developed  a  fairly  broad  theory  which  permits  one  to  prove  existence  of 
solutions  to  such  equations.  These  solutions  are  defined  in  a  generalized  or 
weak  sense,  and  it  is  not  known,  a  priori,  whether  the  solution  has  the 
derivatives  appearing  in  the  equation  in  a  classical  sense.  In  general,  one 
is  interested  in  knowing  what  smoothness  or  regularity  properties  the  solution 
possesses. 

In  this  paper  we  study  the  solutions  to  a  certain  class  of  such  singular 
equations  where  the  solution  is  required  to  satisfy  given  initial  and  boundary 
conditions.  The  principal  result  is  that  the  solution  is  continuous  at 
interior  points  of  its  domain  of  definition.  As  a  by  product  of  the 
techniques  used  here,  we  obtain  a  new  proof  of  the  existence  of  such 
solutions.  In  the  case  of  unbounded  space  domains  some  of  the  existence 


summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 
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EXISTENCE  AND  REGULARITY  OF  SOLUTIONS  OF 
INHOMOGENEOUS  POROUS  MEDIUM  TYPE  EQUATIONS 

Paul  Sacks 

SECTION  0. 

In  this  paper  we  will  discuss  some  regularity  results  for  partial  differential 
equations  of  degenerate  parabolic  type.  The  model  equation  to  have  in  mind  is  the  porous 
medium  equation 

v  =  A(vm)  *  V«(mvm  *Vv)  (x,t>eftx(0,T)  C  0 • 1 > 

For  m  *  1  the  equation  is  singular  or  changes  type  at  any  point  where  the  solution 
vanishes,  hence  the  standard  quasilinear  regularity  theory  [14]  may  not  be  applied 
directly. 

We  will  define  a  notion  of  weak  solution  for  an  initial  and  boundary  value  problem 
associated  with  an  equation  of  the  type  0.1  and  then  prove  interior  continuity  of  these 
solutions.  There  are  basically  two  approaches  to  a  problem  of  this  sort?  the  first  is  to 
assume  that  one  has  a  given  weak  solution,  and  then  to  derive  estimates  for  this  function 
directly  from  the  definition  of  weak  solution  by  choosing  test  functions  in  the  right  way. 
This  method  is  used  bv  DiBenedetto  [11],  [IS]  to  prove  the  regularity  of  weak  solutions  of 
a  wide  elass  of  equations,  including  0.1,  under  some  additional  assumptions  (e.g. 
boundedness)  not  required  by  the  definition  of  solution. 

The  second  approach,  which  is  the  one  to  be  used  here,  is  to  regularize  the  problem  in 
some  way  so  that  it  falls  under  the  classical  quasilinear  existence  and  regularity 
theories;  these  approximate  solutions  are  shown  to  converge  to  a  solution  of  the  original 
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m  >  1  and  non-negative  initial  data  by  replacing  the  initial  data  hv 
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v  (x)  =  Vg(x)  +  e.  It  follows  from  the  maximum  principle  that  the  corresponding 
solutions  v  (x,t)  satisfy  v  (x,t)  >  e  so  that  the  equation  never  degenerates,  and 


C.  t, 

furthermore  that  the  sequence  v  (x,t)  converges  monotonically  downwards  to  a  limit 

e 

function  v(x,t).  An  estimate  due  to  Aronson  and  Benilan  [1],  which  is  special  to  this 

problem,  is  then  employed  to  obtain  estimates  on  v  (x,t)  independently  of  e. 

£ 

In  the  paper  [5],  Caffarelli  and  Evans  outline  a  more  general  method;  in  this  case  the 
equation  itself  is  regularized  with  0.1  being  replaced  by 

v  -  V • (( mv™  ^  +  c ) Vv )  . 

Specifically#  they  prove  the  fol’^winq. 

N  1 

Let  H  be  bounded  in  R  with  smooth  boundary.  Let  4>(v)  be  a  C  nondecreasing 

function  on  P  which  "looks  like"  |v|msign  v  for  m  >  1#  (this  will  be  made  precise 

later)  and  suppose  4>(vq(x)>  e  Cq(Q).  Then  the  problem 

=  A(<J)(v)>  (x#t)  e  52  x  (0 , T) 

v(x,0 )  *  v  (x)  x  e  Si 

o 

v ( x  #  t )  =0  x  e  an 

has  a  unique  solution  v(x,t)  e  C(Q^). 

In  this  paper  we  prove  analogous  results  for  the  inhomogeneous  equation,  and  we 
consider  also  the  case  of  unbounded  domains. 

In  [IS]  corresponding  results  will  be  discussed  for  other  type  of  nonlinearities,  and 
different  initial  and  boundary  conditions.  Regularity  up  to  the  boundary  will  also  be 
discu*s‘;»d  there. 

^he  methods  employed  here  are  principally  those  of  [S],  combined  with  techniques  which 
mav  be  found,  for  example,  in  [14]. 

T  would  like  to  thank  M.  Pierre,  E.  DiBenedetto,  and  especially  M.  Crandall. 
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where  2  is  a  bounded  domain  in  R  with  smooth  boundary. 

We  first  describe  the  assumptions  to  be  made  or.  Uq(x),  F  and  ?. 
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For  the  purpose  of  statinq  the  hypothesis  on  F  we  introduce  some  more  notation. 


Gp(QT)  =  (F  e  DMQt)  :  f  =  f0  +  (fi)x  e  LP!Qt)} 


»  1'P(Qt>  +  L2P((0,T);w'1,2p(!J)) 


Gp  is  a  Banach  space  with  the  norm 


IF  I  =  inf  { If  _  fl  +  V  Bf.  B  :  F  =  f  +  (f  )  }  . 

G-  0  _p  .  i  2p  0  i  x . 


i=1 


Now  we  define  a  subset  of  Cp  whose  members  have  a  certain  approximation  property. 

6  (Q_)  =  {F  9  G  (Q  ):  there  exists  F  ,  G  e  C*(Q  )  and  A  <  «  satisfyinq 
p  T  p  T  e  e  T 

( i )  F  *  F  in  G  (O  i  as  c  ♦  0 

e  p  T 

(ii)  IF  «  ,  IG  I  <  A 

e  G  c  G 

P  P 

(iii)  For  any  Q*  cc  QT  there  exists  eq  >  0  depending  only  on  dist ( y • ,  )  such 

that  | F ^ |  <  G^  in  Q*  for  e  < 

Let  us  denote  by  <F)  the  smallest  constant  A  which  works  in  the  above  definition. 

P 

~  N  +  2 

H2)  F  e  G  (Q  )  for  some  p  >  - . 

p  T  2 

See  the  remarks  following  the  statement  of  Theorem  1.1  for  some  discussion  of  this 
condition. 

H3 )  We  assume  that  8  is  locally  absolutely  continuous,  8(0)  =  0,  and  that  there  exist 
functions  u^(.),p2(*)  such  that 

(i)  R’(s)  >  u^M)  >  0  for  s  e 

(ii)  t>,fs>>p(6)>0  for  s  e  [-  -j  -il  u  (5,4’,  t  >  '> 

z  o 

where  i  -  8  \ 


We  will  say  that  a  function  u  e  V^Q^)  is  a  solution  of  the  initial  and  boundary 
value  problem  1.1  if  there  exists  v  p  lNq^),  v(x,t)  =  p(u(x,t))  a. a.  such  that 


-4- 


1 


/ /  (  -  7u *74;  +  f  q4/  -  f  .  ip  )  dxdt  +  f  8( u  ( x )  )  */ 0  )  dx  *  0  (  t  .2  ) 

Qt  1  Xi  ft 


for  every  4»  e  E  *  {ip  e  C^tQ^)  :  \|>(x,t)  =0  for  x  e  dft  or  t  =  T}. 

Theorem  1.1.  Under  assumptions  HI,  H2  and  H3  the  problem  1*1  has  a  solution 
00 

u  e  L  (Qt )  n  C(Qt).  The  solution  is  unique  in  the  class  of  bounded  functions.  The  norm 
BuB  depends  only  on 

Qt  > 

N,  lal,  T.  lu0l^.  *F,»Gp(QT)'  P-  M,t -1.  «2«*) 


The  modulus  of  continuity  of  u  at  a  point  separated  from 
depends  only  on 


SQp  by 


distance  d 


N,  lull  ,  <F>  p,  u4  (  • ) ,  u_(*),  d  • 

p'  1  2 

Remarks .  (i)  The  condition  H3  on  8  includes  the  case  of  the  porous  medium  equation, 

8(s)  =  |s|msigns  m  >  1  . 


(ii)  In  the  case  of  quasilinear,  non-degenerate,  parabolic  problems  of  the  type  1.1, 

N  +  2 

one  obtains  bounded  continuous  solutions  for  F  e  G  (Q  ) ,  p  >  — - — ,  [14].  We  expect 

p  T  2 

that  this  is  true  for  1.1  also,  but  the  present  proof  requires  the  stronger  assumption  that 

F  e  Gp(QT>,  p  >  N  *  2-.  Gp  contains  I P  and  also  G*,  the  positive  distributions 

belonging  to  G  .  To  see  this,  let  F  =  J  *F  where  J  is  a  standard  mol  lifter. 

P  e  e  e 

Whenever  F  =  f  +  (f.)  we  may  define  f  .f,  to  be  zero  outside  CL>,  so  that  this 
0  i  x^  0  i  ^ 

definition  makes  sense.  For  the  case  F  e  LP(Q  ),  F  +  F  in  LP  and 

T  £ 

|f|<J*1f|=G  -*■  |f|  in  Lp  by  standard  theory.  In  this  case  <F>  =  HFII  .  For 
e  e  c  P  P 

♦  ;•> 

the  case  F  e  G  (Q  ) ,  F  =  (J  *fn)  +  (J  *F,  >  H  f  +  (f  >  .  Again,  f  ♦  frt  in  L  , 

p  T  c  e  0  e  i  x^  Oe  ic  x.  Oc  0 

f,  ♦  f,  in  L^P  so  that  F  ♦  F  in  G  .  Also,  for  e  <  dist ( x, t ) , 3Q„) ,  F  >0.  we 
i  e  i  c  p  T  c 

may  therefore  take  G  =  F  and  (F>  =  IIF*  • 

£  e  p  G 

1  P 

As  an  example,  let  ft  =  (-1,1)  in  R  and 


f  1  (x,t > 


0  x  <  0 

1  x  >  0 
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/ /  (  -  7u *74;  +  f  q4/  -  f  .  ip  )  dxdt  +  f  8( u  ( x )  )  */ 0  )  dx  *  0  (  t  .2  ) 

Qt  1  Xi  ft 


for  every  4»  e  E  *  {ip  e  C^tQ^)  :  \|>(x,t)  =0  for  x  e  dft  or  t  =  T}. 

Theorem  1.1.  Under  assumptions  HI,  H2  and  H3  the  problem  1*1  has  a  solution 
00 

u  e  L  (Qt )  n  C(Qt).  The  solution  is  unique  in  the  class  of  bounded  functions.  The  norm 
BuB  depends  only  on 

Qt  > 

N,  lal,  T.  lu0l^.  *F,»Gp(QT)'  P-  M,t -1.  «2«*) 


The  modulus  of  continuity  of  u  at  a  point  separated  from 
depends  only  on 


SQp  by 


distance  d 


N,  lull  ,  <F>  p,  u4  (  • ) ,  u_(*),  d  • 

p'  1  2 

Remarks .  (i)  The  condition  H3  on  8  includes  the  case  of  the  porous  medium  equation, 

8(s)  =  |s|msigns  m  >  1  . 


(ii)  In  the  case  of  quasilinear,  non-degenerate,  parabolic  problems  of  the  type  1.1, 

N  +  2 

one  obtains  bounded  continuous  solutions  for  F  e  G  (Q  ) ,  p  >  — - — ,  [14].  We  expect 

p  T  2 

that  this  is  true  for  1.1  also,  but  the  present  proof  requires  the  stronger  assumption  that 

F  e  Gp(QT>,  p  >  N  *  2-.  Gp  contains  I P  and  also  G*,  the  positive  distributions 

belonging  to  G  .  To  see  this,  let  F  =  J  *F  where  J  is  a  standard  mol  lifter. 

P  e  e  e 

Whenever  F  =  f  +  (f.)  we  may  define  f  .f,  to  be  zero  outside  CL>,  so  that  this 
0  i  x^  0  i  ^ 

definition  makes  sense.  For  the  case  F  e  LP(Q  ),  F  +  F  in  LP  and 

T  £ 

|f|<J*1f|=G  -*■  |f|  in  Lp  by  standard  theory.  In  this  case  <F>  =  HFII  .  For 
e  e  c  P  P 

♦  ;•> 

the  case  F  e  G  (Q  ) ,  F  =  (J  *fn)  +  (J  *F,  >  H  f  +  (f  >  .  Again,  f  ♦  frt  in  L  , 

p  T  c  e  0  e  i  x^  Oe  ic  x.  Oc  0 

f,  ♦  f,  in  L^P  so  that  F  ♦  F  in  G  .  Also,  for  e  <  dist ( x, t ) , 3Q„) ,  F  >0.  we 
i  e  i  c  p  T  c 

may  therefore  take  G  =  F  and  (F>  =  IIF*  • 

£  e  p  G 

1  P 

As  an  example,  let  ft  =  (-1,1)  in  R  and 


f  1  (x,t > 


0  x  <  0 

1  x  >  0 


-S- 


Then  F  -  (f^)  55  ^(x),  a  mass  c°hcentrated  on  the  surface  (x  *  0,  0  <  t  <  T}  which  is 

a  positive  distribution  belonging  to  G  IQ  ).  More  generally,  if  f  (x,,...,x  )  is  non- 

ooT  li  N 

decreasing  in  x- ,  then  F  -  (f.)  is  a  positive  distribution. 

1  IX 

i 

bother  type  of  sufficient  condition  that  H2  be  satisfied  is  the  following.  Suppose 
F  e  L*(Q^)  and  |F|  =  (g^)^  for  some  choice  of  g^  Q  L^p,  p  >  -  ~2~~ *  that  is 
|F|  0  L2p((0,T)?W  1#2p(Sl)>.  It  follows  that  F  belongs  to  the  same  space,  F  *  (f.) 


for  some  f  6  L 


2p 


N  +  2 

p  >  — r — .  Extending  by  zero  and  mollifying  as  before  we  have 


I F  |  *  |(f  )  |  <  J  #  |  F|  *  (g.  )  =  G 

c  ic  x.  e  ie  x.  z 

i  i 

for  e  <  dist( ( x,t ) , 8Q  ) .  In  this  case  F  -*•  F,  G  -►  |F|  in  G_  and  (F>  =  ||F|I  . 

T  e  e  P  p  G 

1  2  P 

More  generally  we  could  assume  that  F  0  L  (Q^)  and  |F  -  fQ|  =  (g^)^  •  g^  e  L  ,  for 
p  >q  +  2 

some  fg  e  L  ,  p  >  — - — .  As  an  example,  let  ft 


r,  in  R1  and 


F(x,t|  = 


1 


Then 


=  12 

8x 


1  x  log  | x I 
F  e  L  (Q^)  but  to  no  other  LP  space. 


v  2  2 
-sign  x 
log | x | 


(iii)  For  the  proof  of  uniqueness  see  page  499  of  [14]  where  the  proof  of  the 
corresponding  assertion  for  the  Stefan  problem  is  given.  This  method  requires  that 

$  =  B  1  be  locally  Lipschitz  and  this  follows  from  hypothesis  H3.  A  uniqueness  result 
under  less  restrictive  conditions  on  0  may  be  found  in  [8). 

(iv)  Existence  results  for  problem  1.1  are  provided  by  nonlinear  semigroup 
theory  f2i,  f  1 0 ) .  The  problem  is  rewritten  as  an  abstract  initial  value  problem 

vt  +  Av  =  f 
v(0>  =  vn 

where  v  :  [o,t]  *  X,  X  is  some  Ranach  space  of  functions,  A  is  a  nonlinear  operator 
in  X,  f  :  [0,T]  *  X  and  0  X.  The  boundary  condition  is  incorporated  into  the 

definition  of  A.  If  this  operator  satisfies  certain  conditions  then  it  may  be  shown  that 


this  problem  has  a  solution  v  0  C(0,T:X)  if  f  0  L  (0,T:X)  and  v^  0  D(A).  In  our  case 
the  operator  A  corresponds  to  the  expression  ,\(  <J>( v) ) M ;  good  choices  for  X  are 
;  i  and  h  (  >.  Th*'  proofs  that  the  rorresnonding  operators  satisfy  the  conditions  of 

►  he  abstract  existence  theorem  may  be  found  in  [4]  and  [1)  respectively.  See  also  [<*]  for 


-h- 
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N  2-1 

the  ease  ft  =  R  .  If  we  assume  that  f  e  L  (0,T  :  H  (ft))  then  it  can  be  shown  that  there 

exists  a  solution  v  e  C(0,T  :  H  1  (ft)  )  which  also  satisfies  e  L2(0,T  :  H_1(ft|)  and 

at 

2  1 

a  -  4>(v)  e  L  (0,T  :  see  [3].  Finally  u  also  satisfies  the  equation  1.1  in  the 

sense  of  distributions. 

( v)  The  method  of  the  proof  of  Theorem  1.1  is  to  obtain  appropriate  estimates  on  a 

sequence  of  functions  which  are  then  shown  to  converge  to  a  solution  of  the  integral 

equation  1.2.  Setting  v  =  6(u),  the  equation  1.1  becomes  formally 

v  *  +  F  (1.3) 

We  consider  a  regularized  version  of  1.3 

vt  =  A(4>n(v)  +  cv)  +  F£(x,t)  (1.4)  (n,e) 

v(x,0,  =  vQ£(x) 

v  |  =0 

s„ 


If  $  ,  F  /V  are  smooth  enough,  *'  >  0,  this  problem  has  a  classical  solution 
n  e  0  e  n 

nv£(x,t).  The  function  nu£(x,t)  *  <6  (nv£(x,t))  then  satisfies 

n 

[6  (u)l  «  A( u  +■  c 8  lull  +  F  (1.5)  (n,e) 

n  t  n  t 

u(x,0  )  *  (v„  (x) ) 

n  o  c 

u  I  =0 
ST 

where  6  =*  $  1 .  Therefore  nuC,  nvE  together  satisfy 

n  n 

//  [v\|i  -  V(u  +  cv)’7ili  +  F  |>]  dxdt  +  /  v  ( x)  \J)(x,0  Idx  =  0  (1.6)  (n,E) 

Qy  e  « 

for  (|  e  E. 

If  we  let  F  *  F,  v  *  v„ ,  <t  *■  $  we  hope  to  obtain  a  limit  function 
e  0e  0  n 

u(x,t)  *  lim  (lim  nuE(x,t)) 

E-*(l  n-*-<» 


which  satisfies  1.1. 

To  orove  such  a  result  we  must  have  various  a  priori  bounds  on  the  functions  nuE  and 

nr  <»  1  1 

v  .  It  is  relatively  easy  to  obtain  hounds  in  the  spaces  L  (9^)  and  w  (Q^) »  and 
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this  will  be  done  in  the  next  section.  Furthermore,  by  a  theorem  due  to  Nash  et.  al.,  we 

may  estimate  the  modulus  of  continuity  of  °uG  and  nve  for  fixed  e  >  0,  independently 

of  n.  These  bounds  allow  us  to  define  uC  =  lim  nuC  and  vG  =  lim  nve  satisfying  1.6 

n+«  n  >«> 

with  *>  replaced  by  *.  In  the  remainder  of  the  proof  we  will  estimate  the  modulus  of 
n 

continuity  of  the  functions  ue.  Attention  will  be  focused  first  on  a  point  e 

where  the  solution  vanishes.  We  construct  a  sequence  of  nested  cylinders  Q(R^)  with  top 
center  (x^,t^)  which  shrink  to  the  point  (x^t^),  anc*  a  seclueTlce  ♦  0,  such  that 

•uj<  on  Q(R^).  The  sequences  and  R^  do  not  depend  on  e.  This  may  then  be 

used  in  conjuntion  with  the  above  mentioned  theorem  of  Nash  to  prove  the  equicontinuity  of 

.  e 

the  sequence  u  . 

Ir  the  concluding  sections  some  extension  of  the  theorem  will  be  mentioned.  1)  The 
res  t  remains  true  for  certain  unbounded  domains.  2)  The  spaces  iP  appearing  in 
hypothesis  H2  may  be  replaced  by  spaces 

Lr((0,T>  :  Lq(n>) 

for  certain  values  of  r  and  q. 


SECTION  2. 

The  equation  1.4  (n,o  may  be  written  in  divergence  form. 

v  *  V«((4>'(vj  +  e)Vv)  +  F  ( x ,  t )  (2.1) 

t  n  e 

If  we  let  F  6  C  (Q  ),  v  e  C  (  ft)  and  $  6  C  (®),  A’  >  0,  then  results  from 

c  T  0  e  0  n  rn 

Chapter  V,  Section  f>  of  (14)  guarantee  the  existence  of  a  classical  solution  of 
1.4  (n,e).  We  now  specify  further  properties  of  v^,  anc^ 

CD  00 

(i)  We  have  v^  ^  0(u^)  e  L  by  the  hypotheses.  Pick  v^  e  such  that 


/  in  L  (ft).  We  may  assume  that  Iv  H  k,  |v  B  and  Bv„  B  <  Bv  B 
0  Oe  «  0  ®  0  e  2  0  2 

L  L  Li  I> 


(it)  Let  F  -  f 

e  n  e 


(f.  I  where  f  and  f  are  the  functions  assumed  to 
it  x ^  0E  i e 


ex  is’’  in  H2.  Let  A  =  <F)  . 

P 

(iii)  By  mollification  of 


we  obtain  a  sequence  6  C  (*)  satisfy  inn 


*1  (0  )  -  0 , 


>  0,  and  *i  *  uniformly  on  bounded  sets  of  R.  Let  ? 


The 


conditions  ( i)  and  (ii;  of  H3  may  be  assumed  to  hold  uniformly  in 


for 


r 


3  and  $  .  3  is  a  function  and  0  +0  pointwise  and  uniformly  on  any  set 

n  n  n  n 

[“  -<$]  U  [6,  —  ],  5  >  0.  Note  finally  that  pointwise  bounds  on  0^  and  ^  may  be 

derived  from  knowledge  of  (  • )  and  only. 

The  following  will  be  considered  the  data  of  the  problem  1.1 

N,  |fl|,  T,  1 u  1 

0  » 

l  ( a> 

P,  <  F  >  from  H2  ( 2.2  ) 

P 

U1 (  •  > ,  u2 ( • )  from  H3 


First  we  state  some  lemmas  which  will  be  used  in  the  proofs. 

Lemma  2.1.  There  exists  a  constant  C  depending  only  on  N  such  that 


/\:%>  <c^v  «q  , 

L  VT  2  VT 


for  u  e  V2(Qt).  (See  pages  74-75  of  [14].) 

Lemma  2.2.  I^t  Jm  be  a  sequence  of  nonnegative  numbers  satisfying 


1+b 

Jmt,  4  WX 


b1  >0,  K1  >  0,  K2  >  1. 


-1  -72 

Then  lim  J  =0  provided  *  k .  k  (See  page  95  of  [141). 

m  u  i  2 

m-x* 

Lemma  2.3.  Suppose  y  :  [0,®)  ♦  [0,<»)  is  nonincreasing  and  there  exist  constants 


C  >  0,  a  >  0, 


>  1  and  kQ  *  0  such  that 


y{  h )  < 


[y(k)j  1  for  h  >  k  >  k 


(h  -  k) 


a6  1 

Then  u(d  +  kQ>  =  0  for  d  =  ( Cu(  kQ )  B' 1 2  B* 1  ]°.  (See  ]12)  p.  63.) 

Tt.  will  now  be  shown  that  ail  solutions  of  problems  1.4  and  1.5  arp  b^nn  led  hv  some 


constant  independently  of  n  and  e.  We  will  use  the  following  notation:  If  v(x,t.  * 


using  Holder's  inequality*  so  that 


,(V  ‘  k>+'2  ,n+2  \  /  f^dxdt  +  (/  /  |f0|N+4  dxdt 


2N+4  N+4 

N+4  ,  ,  nN+2  v 


jFr)  o  Vt, 


(2.6) 


°  \(t) 


It  follows  that 


2  2 


L  N  ' 


<c(lf2|  U<K)  P+  If  |2u(k>  N+2  P) 

P  Op 


(2.7) 


2  1  1-i 


<  C  ( If 2 1  +  p(kQ  )N+2  P  *f0  I2  )uOc)  P  -  Cu(k)  P 


Now  let  h  >  k  >  k^. 


(h  -  k)2u(h)N+2  -  (h  -  k)2  (/  |  A.  ( t )  | dt )' 


N 

N+2 


„  ,fN+2i  N 

<  (/  /  (v  -  k)+  N  dxdt)N+2 

°  \(t) 


N+2 i  _N_ 
N+2 


T  2(— ) 

<(/  /  (v-k)+  N  dxdt 

0  Vt) 


1 - 

<  Cy(  k)  P 


by  (2.7) 


Therefore 


U('n)  s  C 


N  +  2 

N  )i(k) 


8 


3  =  (1  -  l){^)  >  1 


(h-k)a  a-2(5ii) 
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?  r  (^  /  (v  -  k)+2dx)at  *  r  i 

0  fl 


a.v  v  dxdt  < 

o  Vt>  ij  X1  Xj 


T*  T* 

/  /  |v  Ilf  | dxdt  +  /  /If  I ( v  -  k)+dxdt  < 

o  ^(t)  xi  on 

T*  T*  T* 

S  I  /  |  Vv  | 2  dxdt  +  C  /  /  f 2  dxdt  +  /  /  If  l(v  -  k)+dxdt 


0  A  ( t ) 
k 


o  n 


This  implies 


where  f  =*  £  f  . 

i-1 


T* 

/  v(x,T*)  -  k)+2dx  +  J  J  | V ( V  -  k)+|2dxdt  < 

a  on 


c(f  f  f 2 dxdt  +  /  /  |f  |(v  -  k)+dxdt] 


Y 


t) 


o  n 


Taking  the  supremum  over  T*  e  [0 , TJ  we  have 


T  T 

Kv  -  k)V  <  c(J  /  f2dxdt  +  /  /  If  I  (v  -  k)+dxdt] 

2VSV  0  A,  (t)  on 

k 


(2.5) 


■f  O 

Since  k  >  k^,  (v  -  k)  e  so  we  may  use  Lemma  2.1* 


"<V  '  k)+"^(?f2]  <C"V  '  kl  +  'VCT) 


T  T 

„2  . 


t  c(f  f  f  dxdt  +  /  /  If  |(v  -  k)+dxdt) 
0  A^ft)  0  Q 


2*0+4  *0+4 


<;  llv  k)V  . 

0  Y*> 


+  C (/  /  f2dxdt  +  (/  /  |f  )  N+4dxdt)N+2 


0  Ak(t, 
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By  Lemma  2.3 


u(d  +  kQ)  «  0  for  d 


N+2 

[c  N  u(k0) 


aB_  1 
6-1 2 8-1 ja 


Cu(kQ) 


1 

N+2 


1 

2p 


That  is 


v(x,t)  <  k  + 


CM(kQ) 


1_ 
N  +  2 


1 

2p 


// 


(2.8; 


Remark.  A  similar  estimate  holds  for  -v(x,t),  depending 
|{(x,t)  e  :  v(x,t)  4  -  kQ}|. 

Corollary  2.1.  There  exist  constants  and  Cj  depending  only  on  the  data  2.2,  such 

that  |v(x,t)l  4  and  |u(x,t)|  4  C2  where  v  is  any  solution  of  1.4  and  u  is  any 
solution  of  1.5. 

Proof.  Choose  k  =  lv„  s  so  that  v|„  4  k„.  We  take  a..(x,t,v)  =  (4>'(v)  +  CIS.  .  in 

-  0  0  «  3Q  0  il  n  11 

^  T  2 

the  proposition,  so  that  a^  A  x ,  t ,  v )  ^  >  U2()'0HCl  for  |v|  »  k^.  Also  wlk^)  4  lQTl 

so  that  |v(x,t)|  4  where  C^  depends  only  on  quantities  measured  by  the  data  2.2. 

If  u  is  a  solution  of  1.4  then  |u(x,t)l  4  $  (C^),  and  again  this  may  be  estimated  by  a 
constant  C2  which  depends  only  on  the  data. 

Corollary  2.2.  Suppose  the  hypotheses  of  Proposition  2.1  hold  with  ijdx.t)  =  0, 

aij(x,t,v)eiej  >  «ui2  5>0 

for  all  x,t,v,  and 


=  Q  (R) 

xo,to 


^2p  '  2 

Then  |v(x,t) I  <  CR  where  C  depends  on  N,  p,  U f _  B  »  Ilf.  II  and  5. 

Op  1  p 

N+2 

Proof.  In  the  proposition  we  take  kg  =  0  and  y(0)  =  |Q(R)J  =  CR  .  The  conclusion 
then  follows  from  2.8.// 

Remark.  The  above  estimate  remains  valid  if  it  is  assumed  only  that  v  9  °  ' 

and  this  will  be  used  later.  See  p.  181  of  M41. 

We  turn  now  to  estimates  of  first  order  derivatives  of  solutions  of  1.4  and  1.5.  We 
assume  that  v(x,t)  is  a  solution  of  t.4  (n,e)  and  u(x,t)  Is  a  solution  ot  i.5 
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using  Holder's  inequality*  so  that 


,(V  ‘  k>+'2  ,n+2  \  /  f^dxdt  +  (/  /  |f0|N+4  dxdt 


2N+4  N+4 

N+4  ,  ,  nN+2  v 


jFr)  o  Vt, 


(2.6) 


°  \(t) 


It  follows  that 


2  2 


L  N  ' 


<c(lf2|  U<K)  P+  If  |2u(k>  N+2  P) 

P  Op 


(2.7) 


2  1  1-i 


<  C  ( If 2 1  +  p(kQ  )N+2  P  *f0  I2  )uOc)  P  -  Cu(k)  P 


Now  let  h  >  k  >  k^. 


(h  -  k)2u(h)N+2  -  (h  -  k)2  (/  |  A.  ( t )  | dt )' 


N 

N+2 


„  ,fN+2i  N 

<  (/  /  (v  -  k)+  N  dxdt)N+2 

°  \(t) 


N+2 i  _N_ 
N+2 


T  2(— ) 

<(/  /  (v-k)+  N  dxdt 

0  Vt) 


1 - 

<  Cy(  k)  P 


by  (2.7) 


Therefore 


U('n)  s  C 


N  +  2 

N  )i(k) 


8 


3  =  (1  -  l){^)  >  1 


(h-k)a  a-2(5ii) 
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<  C(  £,data) 


Proposition  2.2. 

( 1 )  »Vv« 

l  <eT) 

(2)  I Vu I  <  C( data > 

L  (ftp) 

Proof .  For  the  proof  of  (1),  multiply  1.4  (n,e)  by  v  and  integrate  over 

9  12  2 

ff  (j  V  )dxdt  +  ff  (ijiMu)  +  t)|7v|  dxdt 

ftp  qt 

*  ff  f0cv  dxdt  -  ff  fi£vx  dxdt  . 


Therefore 


// 


I  Vv  dxdt  < 


if* 


Oe 


dx  + 


If.  I  . IvB 
°£  L1  t 


+  |  /  /  I  W|  2dxdt  +  ff  f 2  dxdt 

2  Q  2C  Q  C 

T  VT 

Thus 


CllVvtl2  <  D  v  «2  +  2  Ilf  '  Ivl  +  -  »f2«  . 
2  Oe  2  0  e  1  ■»  t  el 

Lt  Li  Ij  L 


be 


We  have  already  estimated  IvB  in  terms  of  the  data  and  Ilf  H  ,  ||fZ||  ,  may 

l“  Je  l1  e  l1 

estimated  by  a  constant  depending  on  <F>  and  |ft|.  Therefore  (1)  is  valid. 

P 

For  the  proof  of  (2)  we  multiply  1.5  (n,e)  by  u  and  integrate  over  QT.  Set 
x 

B( x)  =  f  s0*(s)ds.  We  then  get 

o  n 

//  |7u|2dxdt  <  2  /  B(*  ( v  (  x )  ) )  dx  +  2«f  II  lul  +  II  jF 2  II  , 

Op  a  n  °E  0e  l1  l"  l1 


Now  | B(  x )  |  <  x0  (x)  so  that 
n 

*B(^n(V0e(K)>l  '  <  *^n(v0e()<))"v0e(x)  '  <;clv0e^x>|2 
Thus  the  right  hand  side  is  bounded  by  a  constant  depending  only  on  the  data,  as  before  .// 

Remark .  Similar  estimates  may  be  obtained  for  ufc  and  by  multiplying  the  equations 

1.4  and  1.5  by  (u  +  ev)^.  Both  estimates  degenerate  as  e  ♦  0  is  general;  however  if 
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<  C(  £,data) 


Proposition  2.2. 
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Therefore 
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Thus 
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estimated  by  a  constant  depending  on  <F>  and  |ft|.  Therefore  (1)  is  valid. 
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For  the  proof  of  (2)  we  multiply  1.5  (n,e)  by  u  and  integrate  over  QT.  Set 
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B( x)  =  f  s0*(s)ds.  We  then  get 
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eU!  <^ljCi5j 


la.  .  I 

i] 


<  C(data) 


L  (Qt) 


All  quanties  occurring  in  Theorem  2.1  for  this  case  are  given  in  terms  of  the  data,  d, 
and  e,  thus  2.9  holds.  Since  }  are  uniformly  Lipschitz  on  bounded  intervals  2.10 

holds .// 

Remark.  Theorem  2. 1  remains  true  if  the  equation  contains  lower  order  terms  satisfying 
certain  integrability  conditions.  Also,  if  the  initial  and  boundary  values  are  smooth 
enough  the  solution  will  be  Holder  continuous  on  For  a  precise  statement  see  Chapter 

III,  Section  10  of  [14].  See  also  [12]  pages  62-76  for  the  elliptic  case. 


Using  the  results  of  Corollary  2.1,  Proposition  2.2  and  Corollary  2.3  we  may  find  a 
k 


subsequence  n  -►  «  and  limit  functions  u£(x,t)  and  v£(x,t)  so  that  ^ue  +  u £, 


...  n,  n, 

k££  K  £  £  X  £  £  2 

v  *  v  uniformly  on  compact  seta,  V  u  +  7u  ,  Vv  +  W  weakly  in  L  (QT) . 

£  £ 

Since  <J>  ♦  <)>  uniformly  on  bounded  sets,  u  (x,t)  =  <}> ( v  (x,t))  in  O  . 

nk  ^ 

Now  multiply  equation  1.4  (n  ,e)  by  4>  e  E  and  replace  $  (v)  by  u. 

k  nR 


//  (  kvE't’t  -  7(  +  6  KvE)'7*  +  f0 Ji  ~  ^  *  )dxdt 

1 

+  f  vn  (x)\b(x,0)dx  =  0 
*  0e 


n.  n. 

k  e  ,  k  £> 


Now  letting  n^  »  we  have 


If  (vCty  -  V(uC  +  £VG)  *Vi^  4-  f  -  f  Uj  )dxdt 
1/  t  0eT  iex^ 

+  I  vQ^(  x)  4»(x,0  )dx  -  0  . 


(2.11) 


The  function  v  (x,t)  satisfies 
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F  6  L  (Q^)  and  uQ(x)  is  smooth  enough  then  actually  tu^  I  <  C  independently  of 

L  ( Qr ) 

c. 

It  is  also  possible  to  estimate  the  modulus  of  continuity  of  solutions  of  the  equation 
1.4  (n,e)  for  fixed  e  >  0.  This  follows  from  the  following  important  theorem  which  will 
also  play  a  role  later  in  the  proof. 

Theorem  2. t .  Let  v(x,t)  be  a  solution  of  the  linear  equation 

v.  ~  <anV  )  =  f  +  (f.)  (x,t)  0  Q_ 

t  i)  Xj  0  i  xf  *T 

where  «U|2  <  »ai:j  <  „  <  -j,  6  >  0. 


Vfi  e  lP!v  p  >  !4_1 


and  let  Ivl  <  C  .  Suppose  Q'  CC  O,  with  dist(Q',30  )  >  d. 

L~(Q  )  ^  ^ 

T 

Then  v  is  Holder  continuous  in  Q' . 

The  Holder  exponent  a  depends  only  on  H,  6  and  p,  while  the  norm  Ivl 

2  C  Q(  Q '  ) 

depends  only  on  N,  S,  p,  lfQlp,  and  d- 

Corollary  2.3.  Let  Q'  CC  Qj,  with  dist(Q' ,  3Q^)  >  d.  Let  v  be  the  solution  of 

1.4  (n,e)  and  u  he  the  solution  of  1.5  (n,e>.  Then 

Ivl  <  C(e,d,data)  (2.9) 

Ca< O'  ) 


lul 


C°(Q'  ) 


<  C( e,d,data) 


The  exponent  or  depends  on  e  and  the  data. 
Proof.  v(x,t)  satisfies  the  linear  equation 


(a  .  v  >  =  f_  +  (f .  ) 

ii  x,  x,  0  e  icx. 

3  i  i 


with  a.,(x,t)  *  ( if)' ( v(  x,  t )  )  +  e)5..,  so  that 
ij  "  *3 


( 2  *  1 0  > 


-IS- 


SECTION  3. 

Following  [5]  we  now  examine  the  behaviour  of  solutions  near  the  points  where  they 
vanish.  Ultimately,  of  course,  we  must  show  that  the  solution  is  small  in  a  neighborhood 
of  such  a  point;  here  it  will  first  be  shown  that  a  kind  of  smallness  property  holds  in  an 
average  sense.  This  is  the  main  nonlinear  ingredient  in  the  proof  of  Theorem  1.1.  The 
desired  result  follows  as  a  corollary  from  the  next  proposition,  which  states  that  if  a 
solution  is  close  enough,  on  the  average,  to  its  maximum  in  some  cylinder,  then  it  is 
pointwise  greater  than  half  maximum  on  a  smaller  cylinder  with  the  same  vertex. 

Proposition  3.1.  Let  u  be  a  classical  solution  in  Q(R)  C  qt  of  the  equation 

(6<u)L  =  A(  u  +  5:$(  u))  +  f  +  (f  >  (3.1) 

t  0  i  x 


where  fQ,f^  e  LP(QT)  for  p  >  N  ~  -,  0  satisfies  H3)  and  also  B  e  c\tt).  Let 


u  <  C2  in  and 


0  <  max  u  <  M  <  C 


Then  there  exist  constants  >  0,  pQ  >  0  depending  only  on 


N.  c2,  wl(c2>,  m2C),  p.  »f0lp.  Iftlp 


such  that  if 


then 


1 

|Q(R)  I 


/  f 

Q(R ) 


(M  -  u)dxdt  < 


M  R 

u  >  -  m  Q(-) 


Proof .  C  will  denote  any  constant  depending  only  or.  N,  i^(c  Recall  that 

oofitwl^e  estimates  of  0(s)  depend  only  on  the  function 
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i] 
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Set  w  =  M  -  u  so  that 


0*  ( M  -  w)  w^_  =  A(  w  - 
Let  £(x,t)  be  a  smooth  test  function, 
0  <  k  <  M.  We  multiply  3.3  by  (w  -  k)  +  (;2 
B(xq,R)  x  (tQ  -  R2,tQ  -  R2  +  t*)  for  t*  e 


£g(M  -  w) )  -  f  -  (f  ) 
0  <  5  <  1  and  5  = 
and  integrate  over 
[0,R2]. 


0 


near 


3Q(R). 


(3.3) 

Let 


//  @'(M  -  w)wfc(w  -  k)+^2dxdt  =  -  ff  7(w  -  £(3(M  -  w)  )  »7(  (w  -  k)+£2)dxdt 

-  //  f  (w  -  k)+^2dxdt 

+  ff  f.((w  -  k)+;2)  dxdt 
Xi 

=  I  +  II  +  III 


I  =  -  //  |V(w  -  k)+|2^2dxdt  -  E  //  6'(M  -  w>  |7(w  -  k)+|2^2dxdt 

+  2 e  //  <70<M  -  w)  .7$)  C<«  -  k )  +  dxdt  -  2  ff  (  7(w  -  k)+  -70  £(w  -  k)  +  dxdt 

<  -  j  / /  I  7(w  -  k)+ | 2 ^2 dxdt  +  C  //  (w  -  k)+2 | 7^| 2dxdt 

+  2e  //  (78(M  -  w)*70^(w  -  k)+dxdt 

III  =  //  (;2fi<w  -  k)^  dxdt  +2  //  C(w  -  k)  dxdt 

<  ^  //  |7(w  -  k)  |2^2dxdt  +  //  <w  -  k)  2 1 7tl  2dxdt 

+  2  //  f2c2dxdt  f2  e  y  f2 

{w>k}  i=  1 


Thus 


ff  0'(M  -  w)wfc(w  -  k)+£2dxdt  +  ~  //  I 7( w  -  k)+|2£2dxdt 
<  C  ff  (w  -  k ) +2 | V^| 2dxdt  ♦  f f  |f0|^2(w  -  k)  dxdt 

+  2  //  f 2  £2  dxdt  ♦  2  e  //  (7B(M  -  w)  -VOijIw  -  k)  +  dxdt  (3.4) 

{w>k} 


To  estimate  the  last  term  on  the  right  in  3.4  we  integrate  by  parts  once  more. 

-  2f.  ff  0(M  -  w)^7^-7(w  -  k)  dxdt  -  2  r.  //  B(M  -  w)  (w  -  k)  7»(t;7c)dxdt  (3.S) 

<  -  ff  |7(w  -  k)  I  2 £2 dxdt  t  c  ff  (I  7,*;  |  2  +  I  A.-.  I)  dxdt 

{w>k  jnsuppc 


SECTION  3. 

Following  [5]  we  now  examine  the  behaviour  of  solutions  near  the  points  where  they 
vanish.  Ultimately,  of  course,  we  must  show  that  the  solution  is  small  in  a  neighborhood 
of  such  a  point;  here  it  will  first  be  shown  that  a  kind  of  smallness  property  holds  in  an 
average  sense.  This  is  the  main  nonlinear  ingredient  in  the  proof  of  Theorem  1.1.  The 
desired  result  follows  as  a  corollary  from  the  next  proposition,  which  states  that  if  a 
solution  is  close  enough,  on  the  average,  to  its  maximum  in  some  cylinder,  then  it  is 
pointwise  greater  than  half  maximum  on  a  smaller  cylinder  with  the  same  vertex. 

Proposition  3.1.  Let  u  be  a  classical  solution  in  Q(R)  C  qt  of  the  equation 

(6<u)L  =  A(  u  +  5:$(  u))  +  f  +  (f  >  (3.1) 

t  0  i  x 


where  fQ,f^  e  LP(QT)  for  p  >  N  ~  -,  0  satisfies  H3)  and  also  B  e  c\tt).  Let 


u  <  C2  in  and 


0  <  max  u  <  M  <  C 


Then  there  exist  constants  >  0,  pQ  >  0  depending  only  on 


N.  c2,  wl(c2>,  m2C),  p.  »f0lp.  Iftlp 


such  that  if 


then 


1 

|Q(R)  I 


/  f 

Q(R ) 


(M  -  u)dxdt  < 


M  R 

u  >  -  m  Q(-) 


Proof .  C  will  denote  any  constant  depending  only  or.  N,  i^(c  Recall  that 

oofitwl^e  estimates  of  0(s)  depend  only  on  the  function 
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To  estimate  the  first  term  on  the  left  in  3.4,  define  B(r)  *  J  B'(M  -  k  -  s)sds. 


that 
We  have 


■f-  B(w  -  k)+  =  8*  (M  -  w)(w  -  k)  +w 
at  t 


(w-k) 


B(w  -  k)+  >  u1  /  sds  =  -r-  (w  -  k)+2 


“  •VV 


B(w  -  k)  <  (w 


k)+  / 
0 


(w-k) 


6'(M  -  k  -  s)ds  <  C(w  -  k) 


Therefore 

//  B'(M  -  w)(w  -  k)+^2w  dxdt  =  /  B(w  -  k)+?2|  dx 

B(x0,R)  t*t* 

-  2  //  B(w  -  k)+C£tdxdt 


>  j-  J  (w  -  k)+2c2|  dx  -  C  //  (w  -  k)+|;t  (dxdt  (3.6) 

B(xQ,R)  t«t* 


Combining  3.4,  3.5  and  3.6  we  obtain 

/  (w-k)  +  £2l  d x  ♦  //  |V(w  -  k)  +  |2;2dxdt 

B(xq,R)  t=*t* 

<  c  ff  (  I  Vcl  2  +  I  Acl  +  Utl)dxdt 
{w>k  }r,supp£ 


+  C  //  |fg|(w  -  k)  ^2dxdt  +  C  ff  f2dxdt 

{w>k  }i'igupp^ 


Now,  in  the  second  term  on  the  left  the  Integrand  may  be  replaced  by 

+  2 

|V(£(w  -  k)  )|  ,  since  the  error  made  may  be  estimated  by  terms  of  the  form  already 

appearing  on  the  right  side  of  3.7.  if  we  now  take  the  supremum  of  the  left  side  over 
2 

t*  e  [0,R  1  we  obtain  the  estimate 
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Set  w  =  M  -  u  so  that 


0*  ( M  -  w)  w^_  =  A(  w  - 
Let  £(x,t)  be  a  smooth  test  function, 
0  <  k  <  M.  We  multiply  3.3  by  (w  -  k)  +  (;2 
B(xq,R)  x  (tQ  -  R2,tQ  -  R2  +  t*)  for  t*  e 


£g(M  -  w) )  -  f  -  (f  ) 
0  <  5  <  1  and  5  = 
and  integrate  over 
[0,R2]. 


0 


near 


3Q(R). 


(3.3) 

Let 


//  @'(M  -  w)wfc(w  -  k)+^2dxdt  =  -  ff  7(w  -  £(3(M  -  w)  )  »7(  (w  -  k)+£2)dxdt 

-  //  f  (w  -  k)+^2dxdt 

+  ff  f.((w  -  k)+;2)  dxdt 
Xi 

=  I  +  II  +  III 


I  =  -  //  |V(w  -  k)+|2^2dxdt  -  E  //  6'(M  -  w>  |7(w  -  k)+|2^2dxdt 

+  2 e  //  <70<M  -  w)  .7$)  C<«  -  k )  +  dxdt  -  2  ff  (  7(w  -  k)+  -70  £(w  -  k)  +  dxdt 

<  -  j  / /  I  7(w  -  k)+ | 2 ^2 dxdt  +  C  //  (w  -  k)+2 | 7^| 2dxdt 

+  2e  //  (78(M  -  w)*70^(w  -  k)+dxdt 

III  =  //  (;2fi<w  -  k)^  dxdt  +2  //  C(w  -  k)  dxdt 

<  ^  //  |7(w  -  k)  |2^2dxdt  +  //  <w  -  k)  2 1 7tl  2dxdt 

+  2  //  f2c2dxdt  f2  e  y  f2 

{w>k}  i=  1 


Thus 


ff  0'(M  -  w)wfc(w  -  k)+£2dxdt  +  ~  //  I 7( w  -  k)+|2£2dxdt 
<  C  ff  (w  -  k ) +2 | V^| 2dxdt  ♦  f f  |f0|^2(w  -  k)  dxdt 

+  2  //  f 2  £2  dxdt  ♦  2  e  //  (7B(M  -  w)  -VOijIw  -  k)  +  dxdt  (3.4) 

{w>k} 


To  estimate  the  last  term  on  the  right  in  3.4  we  integrate  by  parts  once  more. 

-  2f.  ff  0(M  -  w)^7^-7(w  -  k)  dxdt  -  2  r.  //  B(M  -  w)  (w  -  k)  7»(t;7c)dxdt  (3.S) 

<  -  ff  |7(w  -  k)  I  2 £2 dxdt  t  c  ff  (I  7,*;  |  2  +  I  A.-.  I)  dxdt 

{w>k  jnsuppc 


♦  ,  2 


k(w  -  R»  i;  <  c  If  (  I7d2  ♦  I  Ad  ♦  Utl  +  f2)^dt 

^  2  ^ ^  *  {„>k}..suppc 


+  C  If  |f  |(«  -  kl  C  dxdt 
Q(R) 


(3.8) 


Since  £(w  -  k)  +  e  V2<Q(R))  we  may  use  Lemma  2.1  to  qet 


l;(w  -  k)  +  l2  . 

2(  — )  {w>k)nsuppc 

L(Q(R) ) 


4  C  II  (  I  7-,|  +  I  AC  I  +  I  C  J  *  {  )  dxdt 


2N*4  N*4 

♦  C(  If  lfQi  N+4dxdt)N  +  2 

{w>k}  suppc 


(3.9) 


This  inequality  will  now  be  iterated  on  a  sequence  of  shrinkinq  cylinders.  Set 

k  =  !!  fi  _  1_1  R  =  5  fi  +  i_)  o  =  Q(R  ).  Choose  smooth  test  functions  r  (x,t) 
m  2  1  2mJ  m  2  1  2™;  Tii  ">  m 

such  that  0  4(^41,  ;m  =  1  on  .  ^  =  0  near  3^,  and 

»7Sn|2'|i?hl'1^+11  4  ^  DefinS 

Jm  =  m  V  (w  *  V42dxdt  • 

We  will  show  that  {J  }  satisfies  the  hypotheses  of  Lemma  2.2.  It  will  follow  that  if 


1 


If  (M  -  u)2dxdt  is  small  enough  then  //  -  u)  2dxdt  -  0  i.e 


0  | Q (R)  I 


Q(R> 


0(|) 


M  _  fR  ^ 

u  >  -  on  Ql-J. 


We  have 


+2^N±ij  _N_  — 

lQ0lJmt1  <  (W  -  knH.1>  N  «riOw1  ^->^,11^ 


m-*- 1 


j-N  +  2  -j  _N_  _2_ 

«« -  k  / 1  n  dxdtr2io  n  (« » ^,.in+2 

1  m  i 


(1.10) 


m+ 1 
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To  estimate  the  first  term  on  the  left  in  3.4,  define  B(r)  *  J  B'(M  -  k  -  s)sds. 


that 
We  have 


■f-  B(w  -  k)+  =  8*  (M  -  w)(w  -  k)  +w 
at  t 


(w-k) 


B(w  -  k)+  >  u1  /  sds  =  -r-  (w  -  k)+2 


“  •VV 


B(w  -  k)  <  (w 


k)+  / 
0 


(w-k) 


6'(M  -  k  -  s)ds  <  C(w  -  k) 


Therefore 

//  B'(M  -  w)(w  -  k)+^2w  dxdt  =  /  B(w  -  k)+?2|  dx 

B(x0,R)  t*t* 

-  2  //  B(w  -  k)+C£tdxdt 


>  j-  J  (w  -  k)+2c2|  dx  -  C  //  (w  -  k)+|;t  (dxdt  (3.6) 

B(xQ,R)  t«t* 


Combining  3.4,  3.5  and  3.6  we  obtain 

/  (w-k)  +  £2l  d x  ♦  //  |V(w  -  k)  +  |2;2dxdt 

B(xq,R)  t=*t* 

<  c  ff  (  I  Vcl  2  +  I  Acl  +  Utl)dxdt 
{w>k  }r,supp£ 


+  C  //  |fg|(w  -  k)  ^2dxdt  +  C  ff  f2dxdt 

{w>k  }i'igupp^ 


Now,  in  the  second  term  on  the  left  the  Integrand  may  be  replaced  by 

+  2 

|V(£(w  -  k)  )|  ,  since  the  error  made  may  be  estimated  by  terms  of  the  form  already 

appearing  on  the  right  side  of  3.7.  if  we  now  take  the  supremum  of  the  left  side  over 
2 

t*  e  [0,R  1  we  obtain  the  estimate 
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We  now  use  the  estimate  3.9  with  k 


III  <  C(4m! 


till  <  ClfQ 


Therefore 


Also 


so  tha  + 


Psinq  this  in 


C  =  ;  and  Q(R>  -  0  . 


HI  (w-’v,) 

2m+1 


+  2(^l 


\N  +  2  (  r  »  r  +  ^  N 

dxdt  J  <  {  I  f(w  -  k  )  £  )  dxdt 

'  1  m+ 1  m 

Q 


N  +  2  • 


-  N  +  2 


Q  n{w>k 
m  m+1 


//  (  I  V<J2  +  Ift^l  +  I  ?mt  I  +  f2)dxdt 


2N+4  N+4 

+  c(  ff  IfJ  N+Vdt)N+2  =  i  +  n 
V’{w>Vi> 


sn.  2 

!  P  +  «f2«  ]  t  Q  n  (w  >  k  }| 

p  m  m+ 1 


!p!  Q 

p  m 


>  Vi}l 


N+4 

N+2 


<  C  Ilf 


“H  r 


0  p 


'i  {w  > 


V,'11 


1 

P 


N+2 


N+2 


m+1 


0f4mF 


-  2 


2 

Bf  B 


Hf 


Jlo-  n  {w  >  W 


_2 
N  +  2 


— —  +  1  -  — 


f 3.  1  1  ) 


(w  -  k 


+  2 

)  dxdt 


>  (k 


-  k  )  I Q  (w  >  k 


3.11  wp  nht a  in 


3  {w 


>  V,)! 


„  N+2  m 
CF  4 


J 

m 


(4  R 


N+2 

P 


-  2 


2  fB”+V 

II  )  f - J 


n 
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♦  ,  2 


k(w  -  R»  i;  <  c  If  (  I7d2  ♦  I  Ad  ♦  Utl  +  f2)^dt 

^  2  ^ ^  *  {„>k}..suppc 


+  C  If  |f  |(«  -  kl  C  dxdt 
Q(R) 


(3.8) 


Since  £(w  -  k)  +  e  V2<Q(R))  we  may  use  Lemma  2.1  to  qet 


l;(w  -  k)  +  l2  . 

2(  — )  {w>k)nsuppc 

L(Q(R) ) 


4  C  II  (  I  7-,|  +  I  AC  I  +  I  C  J  *  {  )  dxdt 


2N*4  N*4 

♦  C(  If  lfQi  N+4dxdt)N  +  2 

{w>k}  suppc 


(3.9) 


This  inequality  will  now  be  iterated  on  a  sequence  of  shrinkinq  cylinders.  Set 

k  =  !!  fi  _  1_1  R  =  5  fi  +  i_)  o  =  Q(R  ).  Choose  smooth  test  functions  r  (x,t) 
m  2  1  2mJ  m  2  1  2™;  Tii  ">  m 

such  that  0  4(^41,  ;m  =  1  on  .  ^  =  0  near  3^,  and 

»7Sn|2'|i?hl'1^+11  4  ^  DefinS 

Jm  =  m  V  (w  *  V42dxdt  • 

We  will  show  that  {J  }  satisfies  the  hypotheses  of  Lemma  2.2.  It  will  follow  that  if 


1 


If  (M  -  u)2dxdt  is  small  enough  then  //  -  u)  2dxdt  -  0  i.e 


0  | Q (R)  I 


Q(R> 


0(|) 


M  _  fR  ^ 

u  >  -  on  Ql-J. 


We  have 


+2^N±ij  _N_  — 

lQ0lJmt1  <  (W  -  knH.1>  N  «riOw1  ^->^,11^ 


m-*- 1 


j-N  +  2  -j  _N_  _2_ 

«« -  k  / 1  n  dxdtr2io  n  (« » ^,.in+2 

1  m  i 


(1.10) 


m+ 1 
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2  1 

Let  =  -  ■— — -  -  —  >  0.  The  condition  on  p  also  implies  that  the  net  power  of 

appearing  on  the  right  side  is  nonneqative.  Thus,  finally 


m  1-tb  1  b 

J  <  C<  1  +  Jf2(  +  If  «2)  —  ^  -  J  1  =  k  (k  )mj  1 

m+1  p  Op  2(1+bj)  m  12m 

M 


It  follows  that  J  +0  provided 


b1  b1  P0  2 
J  <  k  k  p—  2  +  — 

0  12  1  0  b 


Lettinq  a„  =  — — ,  we  see  that  if 
^  0  ?r 


ioWr  <M  * uMxdt  “  v  ° 

V  i  H  ) 


then  u  >  *  in  q(|).  // 


It  follows  from  this  result  that  if  the  solution  is  zero  at  the  vertex  of  some 


2  1 

Let  =  -  ■— — -  -  —  >  0.  The  condition  on  p  also  implies  that  the  net  power  of  R 

appearing  on  the  right  side  is  nonneqative.  Thus,  finally 


m  1-tb  1  b 

J  <  C<1  +  1f2(  +  If  «2)  —  ^  -  J  1  =  k  (k  )mj  1 

m+1  p  Op  2(1+bj)  m  12m 

M 


It  follows  that  J  +0  provided 


.  j_  -  ~ 

bi  b1  po 

J  <  k  k  =aM 

0  12  1 


p  —  2  +  — 

0  bi 


Lettinq  ct„  =  —  — .  we  see  that  if 

0  2C_ 


1 

|0(R)I 


fj  (M  -  uldxdt  <  ° 

Q(Rl 


then  u  >  *  in  q(|).  / / 


It  follows  from  this  result  that  if  the  solution  is  zero  at  the  vertex  of  some 
cylinder  then  it  must  be  bounded  away  from  its  positive  maximum  on  some  fixed  fraction  of 
the  cylinder. 

r  n  c 

Corollary  3.1.  Let  u  be  the  solution  of  1.5  (n,t_)  or  else  u  =  u  =  lim  u  .  Let 

n 

M 

Q{R)  =  (R)  Qt,  u(x  ,t  .  <  and  0  <  max  u  *  M  *  . 

X0't0  Q(R| 


Then 


there  exist  constants  Pq'^1'^1  depending  only  on  the  data  and  such  that 


I  Q  ( R  >  n  (u  (k  -  y  M  °}l  >  f.  H  °  I  Q  { R  H  . 


(3.1 2  I 


Proof.  If  u  solves  1.5  (n,e)  then  u  satisfies  the  conditions  of  Proposition  3.1,  hence 

it  also  satisfies  the  conclusions  of  the  proposition.  Since  nuG  ♦  uG  uniformly  the  same 

is  true  for  uG.  The  constants  ol.  and  are  independent  of  n  and  r. 

0  ft 


Choose  tij  and  y  so  that  2c2B-(  +  Y1  <  and  suppose  that  3.12  faiis.  Then 

//  (M  -  ujdxdt  =  JJ  (M  -  u)dxdt 

5(R)  QIRJnfuOt-'^M  °} 

+  //  (M  -  u) dxdt 

* 1  p 

0(R)o{u>H-y1M  °} 


Thus 

P0  P0 

//  (M  -  u) dxdt  <  2C  |Q(R)  n  {u  <  M  -  y  M  }|  +  y  M  | Q { R) | 
Q(R) 


By  Proposition  3. 1 


a  contradiction.// 


<  (2C2Bi 


|Q(R» I 


<  o0M 


I  Q  ( R>  I 


U(W 


>  min  u(x,t ) 


M 

2 


SECTION  4. 

Due  to  the  special  structure  of  equation  1.1,  the  solution  u(x,t)  is  related  to  a 
subsolution  of  a  certain  non-degenerate  linear  equation.  This  fact  allows  us  to  exploit 
known  results  from  the  linear  theory. 

We  will  say  that  a  function  w  e  W  r1(0  )  satisfies  w  -  (a.  .w  j  *  G(x,t;  in 

T  t  i  j  x  x 

j  i 

qt  if 

[  f  (w  ij;  +  a.  ,w  lb  )dxdt  <  f  \  Gibdxdt 
'  J  t  n  x  x  ; 

j  i  0T 

for  aid  «  w1,0(O  »,  v  >  0. 
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Choose  tij  and  y  so  that  2c2B-(  +  Y1  <  and  suppose  that  3.12  faiis.  Then 
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P0  P0 
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Q(R) 


By  Proposition  3. 1 


a  contradiction.// 


<  (2C2Bi 


|Q(R» I 


<  o0M 


I  Q  ( R>  I 


U(W 


>  min  u(x,t ) 


M 

2 


SECTION  4. 

Due  to  the  special  structure  of  equation  1.1,  the  solution  u(x,t)  is  related  to  a 
subsolution  of  a  certain  non-degenerate  linear  equation.  This  fact  allows  us  to  exploit 
known  results  from  the  linear  theory. 

We  will  say  that  a  function  w  e  W  r1(0  )  satisfies  w  -  (a.  .w  j  *  G(x,t;  in 

T  t  i  j  x  x 

j  i 

qt  if 
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j  i  0T 
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Proposition  4.  1  .  Let  v(x,t)  be  the  solution  of  1.4  (n,e;  and  z(x,tj  =  [v(x,tj  -  f] 

where  y  >  0.  Then  there  exists  6  >  0  depending  only  on  y  and  the  data  such  that 

z  <  V»(  a(x ,  t  )Vz/  +  )F  I  (4,1/ 

t  e 

for  some  function  a(x,t)  satisfying 

1  (4.2) 


6  <  a(  x ,  t  >  <  -  . 

o 


1,  1 


Proof.  Clearly  z  e  W  '  (QT).  Choose  a  sequence  e  C  ( R >  satisfying 

0  <  s )  <  1,  gk(s)  >  °<  gfc(s)  =  0  for  s  <  2'  anci  gk^S*  Is  _  y)  +  uniformly  on 

R.  Set  zk(x.t)  =  gk(v(x,t)). 

We  have 


<Z  i  "  +  e/Vz  >  <  IF  | 

k  t  n  k  c 


(4.3  ) 


pointwise  in  QT-  Set 


q(x,t)  =  <J/(v(x,t)>  +  c  v(x,t)  >  ^ 


*n(2>  +  £ 


v( x,t )  <  ^ 


Clearly  4.2  is  satisfied  for  some  6  >  0  depending  only  on  y  and  the  data.  Using  the 

fact  that  (z,  )  =  Vz,  =  0  a.e.  on  v  <  tf,  it  follows  that 

k  t  k  2 

//  a(x,t)Vzk.V4,)dxdt 


=  /  /  ((zk>t'4i+  (<j/{v(x,t)t  +  e/Vzk*Vl(i)dxdt 


{v>|} 


=  If  ^Z,  “  V*((<J>'(v)  +  c)Vzt  )  )  \pdxdt 

k  t  n  k 


<  JJ  |F  |  i|x3xdt 

«r  E 


by  4.3 


°1 . 0 

if  ^  e  W  (Qt)  ,  >  0.  Letting  k  -►  <®  we  get 


ff  (z  \J/  +  a(x,t)  Vz  *7i|>)dxdt  <  ff  |F  I  \jxlxdt 

ir  Gj. 


Thus  4.1  holds.// 
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Remarks .  (i)  0  L  (Q '  i  for  any  Q’  '.L.  by  our  construction .  This  will  be  used 

later . 

(ii)  It  is  the  presence  of  |F  j  Instead  of  F  in  this  differential  inequality 

e  c 

which  causes  the  complicat ions  in  the  condition  on  F. 

Next  we  state  a  modification  of  a  result  due  to  Kruzkov  [13],  which  says  that  posit  2 v 

supersolutions  of  linear,  non-degenerate,  divergence  form  equations  have  the  property  that 

if  they  are  qreater  than  one  on  a  certain  fraction  of  a  cylinder  ?(R),  tv.»*n  tv.«*v  are 

bounded  below  by  a  positive  constant  on  some  subcylinder  A  result  f  th.s 

nature  is  the  essential  step  in  a  proof  of  Theorem  2.1. 

Proposition  4.2.  Let  w  e  W1,](Q(Rm  '  C'cTrY)  satisfy 

( i)  w  “  ( a .  .  w  )  >0  in  Q{  R ) 

t  ii  x  x 

j  i 


5IC2 


s 


i  e  r  , 


(  ii)  w  >  0  in  Q(R) 

(iii)  There  exists  8^  >  0  such  that 

12(F)  C)  {w  >  1  }  I  >  B0lQ(Pdl 

Then  there  is  a  constant  Cq  >  0  depending  only  on  N,  *  and  ^  such  that 

,  v. 

w(x,t)  >  c(j  in  Q'-~- 

Remark.  This  is  proved  in  [13]  under  the  assumptions  that  v  -  'a  w  ■=  n  an  i 

- -  t  z  *•  x  x* 

1  '  1  1 
$2  ~  2*  ©xtension  to  supersolutions  is  immediate,  and  the  us*.i  of  *  -  :  a 

easy  modification  of  tt.e  proof  qiven  there. 

Corollary  4.1.  Let  z  0  W1'1(Q(P))  C(Q(R))  satisfy 

(i)  z  <  (  a  .  .  z  )  +  C,  in  Q(R),  G  0  L 1 (Q ( R )  ) 

t  1 1  x  .  x  . 

1  1 

M  \  |2  <  a  r  r  ,  tla .  <1  s  ' \ ,  c  ">  n  . 

ij  1  ]  11  ' 


(  ii  > 


z  <  M  in  Q(  R ) 


M  >  r. 
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(  ii  > 


z  <  M  in  Q(  R ) 


M  >  r. 


f 


(iii)  | Q(R >  H  {2  <  -}|  >  S2lQ(R)l  for  some  09  >  0. 

Suppose  also 

(iv)  The  equation 

2  =  (a .  .  z  )  +  G 

t  13  X .  X . 

1  1 

has  a  solution  z  e  W1#1(Q(R))  O  C(Q(R)>. 

Then  there  is  a  constant  Cq  >  0  depending  on  N,  6  and  such  that 


6  R 

z  <  M  -  Me  +  2HzH  ^  in  q(— — )  . 

L°°{Q{R)> 


Proof .  Apply  Proposition  4.2  to  the  function 

2  *  /  / 
w  =  —  ( M  +  z  +  Hz  II  -  Z )  . 

M  CD 

L 

We  are  now  prepared  to  present  the  main  step  in  the  shrinking  cylinder  argument.  Let 

Qd  =  {(x,t)  e  Qt:  dist((x,t),3Q  )  >  d).  Fix  d  >  0,  (xQ,t0)  e  Qd<  and  let 

Q(R)  =  Q  (R).  For  the  rest  of  the  section  we  let  e  <  c  where  c  is  the  constant 

X0't0  0 

corresponding  to  -  from  H2. 

Lemma  4.1.  Let  v(x,t)  be  the  solution  of  2.12  ( e)  constructed  in  section  2.  Let 

Y,  M  and  3^  be  given  positive  numbers.  Put  2  =  (v  -  y) +.  Then  there  are  constants 

~  d  ~  M 

R*  and  a  depending  on  y,  M,  and  the  data,  0  <  R*  <  -,  0  <  a  <  such  that  the 

following  is  true  for  R  <  R* . 

If  ( i )  z  <  M  in  Q(R) 

( ii)  | Q ( R )  n  {2  =  0} |  >  B2lQ(R> I 

then 

82R 

2  <  M  -  o  in  Q(-g-)  . 

Proof.  Let  2°  =  [vn  -  yl+  where  vn  is  the  solution  of  1.4  (n,e).  Since  2°  >  2 
uniformly  on  Q(R>  there  is  a  sequence  ♦  M,  M°  >  M  such  that  zn  £  Mn  in  Q(R). 


Also  for  n  large  enough 


0 ( R )  n  { z  —  o }  r  0(R)  n  {zn  <  ”}  c  Q(R )  r,  {«”  <  j-}  . 
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By  Proposition  4. 1  we  have 


(z  )  -  V  •  <  a(  x ,  t )  Vz  )  <  |F  |  <  G 

t  e  e 

where  6  <  a(x,t)  <  ~  and  5  >  0  depends  only  on  y  and  the  data. 
6 

Let  z  be  the  solution  of 


z  ■  V*( a(  x,t) Vz)  ♦  G 
t  e 


9Q(R) 

The  properties  of  a(x,t)  and  G^  guarantee  the  existence  of  z.  We  noted  earlier  that 

9  a  qd  *  11 

—  e  L  (Q(R)),  and  this  is  enough  to  ensure  that  z  e  W  (Q(R)),  by  Theorem  6.1, 

3t 

Chapter  III  of  [14].  By  Theorem  10.1,  Chapter  III  of  [14]  z  e  C(Q(R)).  By  Corollary  2.2 

Iz  I  <  C( data , y, R)  . 

l”(Q(R) ) 

Since  also  zn  e  W1'^(Q(R)>  n  C(Q(R))  we  may  apply  Corollary  4.1.  We  conclude 


z"  <  Mn  -  Mncfl  +  2lzl 


L  (Q(R) ) 


6,R 

in 


for  some  constant  c0  depending  only  on  N,  y  and  8  .  We  now  pick  R*  >  0  such  that 


C(  data,  y,R*  )  <  . 

This  choice  depends  on  y,  M,  0^  and  the  data.  Thus,  for  R  <  R*  we  have 


MC 

n  .n  n  0  .  ^  r 

z  4  M  -  M  cQ  +  —  in  Q{ 


Letting  n  ♦  <» 


MC0  ^  B2R 
z  <  „  _  —  :  m  -  o  in  0(—  1  •  ,, 

Remark.  This  proof  could  be  simplified  if  it  were  known  that  Proposition  4.2  is  true 
assuming  only  w  6  W1#^(Q(R)).  This  is  done  in  [15).  It  is  then  possible  to  work  directly 
with  z  instead  of  the  approximations  zn. 

Proposition  4,3.  Let  v  be  the  solution  of  2.12  (e)  and  u  =  M v ) .  Suppose 

u(  x  ,  t  _  )  =  0,  (x  ,t  )  e  Q  .  Then  there  exist  sequences  M  I  0,  R  I  0  depending  only 
0  0  0  0  d  K  K 
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on  d  and  the  data ,  such  that 


sup  [u(x,t )  |  M . 
Q(R.)  5 


Proof.  Define 

po 

Y<M>  =  B(M  -  y,M  ) 

po 

o(M|  =  a(  y(M)  ,  £i(M)  -  y(M).8,M  ) 

P0 

R*  ( K, )  =  R*(y(M),8(M)  -  y(  M)  (  ) 

where  y^  <  8^  and  p Q  are  the  constants  fron  Corollary  3.1  and  o(y,M,02), 
are  the  constants  from  Lemma  4.2.  Set 


M 


1 


lul 

00 

L  <Q_> 

T 


Vi  =  *(6<V  -  0(v» 

R,  =  R*  ( M 1 ) 


R*(y.m,82) 


% 


+  1 


P0 

SA  V 


Clearly  ♦  0,  -*■  0.  We  now  show  by  induction  that  |u|  <  M  on  Q(R^i.  This  is 

clear  for  j  «  1.  Assume,  then,  that 

sup  |u|  4M  (4.4 

°‘V 


Set  z  =  [v  -  •  so  that 


By  Corollary  3. 1 


z  <  0(M  )  -  y(M,  ) 
k  k 


I  Q(R^  >  ^  (z  =  0)1  -  IQ<V  °  fu  4  Mk  -  Y,^0 }  I  >  8An|Q(Rk,l  . 

We  may  now  apply  Lemma  4.1  with  y,  M,  fl  replaced  by  y<M  /,  ;  -  y(M  )  and  ft  M 

2  k  k  k  Ik 

Pf) 

Note  that  <  R* ( y( )  ,  0(  ).  We  conclude  that 
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(4  .Sj 


a  <  S(M  )  -  ( N1  k  >  -  o(Mvl  in  - -]  . 

Therefore 

v  <  B(M.  )  -  a(M  )  in  C>(R,  ,  j 

k  k  k+1 

and  so 

u  <  t>(0(M,  )  -  0(M,  ))  =  M  ,  in  Q(R  J  . 
k  k  k+1  k+1 

The  same  argument  applies  to  -u,  hence  4.4  holds  with  k  replaced  by  k+1.// 

The  content  of  the  last  proposition  is  essentially  a  modulus  of  continuity  from  below 
at  any  point  where  the  solution  vanishes.  We  wish  now  to  examine  the  behavior  of  the 
solution  in  the  vicinity  of  a  point  where  it  is  not  zero.  The  next  result  states  that  in 
some  full  neighborhood  of  such  a  point  the  solution  must  be  bounded  away  from  zero. 

Define 

2  0 

Q;  t  (R)  =  {(x,t>  :  |x  -  x0l  <  R,tQ  -  R  <  t  <  tfl  *-  R"} 

0 '  o 


Proposition  4.4.  Let  u  and  v  be  as  in  Proposition  4.3  and  let  {M^)  and  {R^t  *>e  the 
sequences  given  there.  Let  (x^,t^)  e  suppose 

V  +  i  <  u(W  4  V 

0  0 


%  =  minK  +i 


\ 
'  2 


Then 


V 


in  0*  (p.  ) 

x„  ,t  k. 


0  0  0 


Proof .  The  proof  of  Proposition  4.3  would  show  t.hnf-  <  sup  u  <  +  ^  unless 

^ 1 \ „ + 1 


the  induction  hypotheses  fail  by  the  k^'th  step.  The  only  way  fhis  can  happen  is  if 


I  C>  (  R,  )  '»  {u  <  V  -  \  M  ^  }  |  <  °  I  C  R ,  )  I 

k  <  1  k  Ik  k 


(4  .Sj 
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Proof .  The  proof  of  Proposition  4.3  would  show  t.hnf-  <  sup  u  <  +  ^  unless 

^ 1 \ „ + 1 


the  induction  hypotheses  fail  by  the  k^'th  step.  The  only  way  fhis  can  happen  is  if 


I  C>  (  R,  )  '»  {u  <  V  -  \  M  ^  }  |  <  °  I  C  R ,  )  I 

k  <  1  k  Ik  k 


for  some  k  *  k^.  As  in  the  proof  of  Corollary  3.1  this  implies  that  u  >  j—  in  q(j-). 


Therefore  u  >  — —  in  Q(R  )  ( i . e .  in  the  backward  cylinder  with  vertex  ( xn , t_)J* 

2  ko  \0  _  00 

Now  suppose  that  u(x,,t .)  <  — —  for  some  (x.,t. )  e  Q’(R  )  with  t.  >  t„.  Note 
112  11  1  0 

that  (xo,tQ)  e  Sx  t  (Ry  +1 )  and  (x^.t^)  e  Q^.  Again  the  induction  argument  of 
Proposition  4.3  will  work  up  to  the  kQ'th  step,  showing  that 

u  <  \  +i  lr>  2X  t  <\  +1> 

V 1  xrti  *o  1 

a  contradiction.// 

Proposition  4.5.  The  functions  uE(x,t)  are  eguicontinuous  on  0. .  for  anv  d  >  0, 

2d 

e  <  V 

Proof .  Fix  d  >  0,  e  <  and  n  >  0.  We  must  find  6  >  0  depending  only  on  n,d  and 

the  data  such  that 


lue(x1  ,t1  )  -  ue(x0,t0>  I  4  n 


whenever  ( x. , t. ) , ( x„ ,t„ )  e  Q„ .  and 
1  1  0  0  2d 


|xi  -  xo>  +  !ti  -  ‘o'  <  6  • 


Let  L  =  max( |uE( x^ ,t1 ) | , | uE( xQ ,tQ ) | ) .  If  L  <  j  there  is  nothing  to  prove,  so 


assume  that 


L  ■  "C<VV  1  2  • 


(Otherwise  apply  the  same  argument  to  -uE).  By  Proposition  4.4  uE(x,t)  >  ^  on 

Q'  (Rl  where  R  depends  on  n,d  and  the  data.  On  this  cylinder  vE(x,t)  satisfies 
x0,t0 

the  linear  equation 

v  =  V*(a(x,t)7v)  +  f  +  (f  ) 
t  0  e  l  c  x . 


where  q(x,t)  =  4>*  )  +  c  >  '  (  8(^1 )  +  e  >  9  >  0  where  t)  is  a  constant  depending 

only  on  n  and  the  data. 

G  R 

By  Theorem  2. t  v  is  Holder  continuous  on  Q%  (—)  with  a  modulus  of  continuity 

xo'to  2 

depending  only  on  d,q  and  the  data.  The  quantity  d  in  the  statement  of  Theorem  2.1  is 


R  c 

here  replaced  by  -.  Since  is  locally  Lipsehitz  the  same  is  true  for  u  .  Thus  we 
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for  some  k  *  k^.  As  in  the  proof  of  Corollary  3.1  this  implies  that  u  >  j—  in  q(j-). 
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2  ko  \0  _  00 
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112  11  1  0 
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1  1  0  0  2d 
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choose  5  so  that  5  <  —  and  then  again  smaller  so  that  4.6  is  satisfied,  independently 
of  €  •  // 

We  may  now  finish  the  proof  of  Theorem  1.1.  Since  g  is  uniformly  continuous  on 

»  the  functions  uC  and  v£,  c  <  are  uniformly  hounded  and  equicontinuous 
on  Qd  for  any  d  >  0.  Thus  we  may  find  limit  function 

ek 

u(x,t)  «  lim  u  (x,t) 


v(x,t)  =  lim  v  (x,t) 

where  the  convergence  is  uniform  on  compact  subsets  of  QT.  Clearly  v(x,t)  •  (3(u(x,t)J 
and  v(x,t)  and  u(x,t)  are  continuous  on  QT>  Also,  by  Proposition  2.2 


7u  *  ■*  7u  weakly  in  L2(Qt) 


for  some  further  subsequence. 

If  \(|  e  E  n  C2(Qt)  then  equation  2.11  for  e  =  is 


f  f  (  v  *\|)  -Vu*C»V\|i+e;v  A«Jj  +  f  1(1  -  f .  1|<  (dxdt  +  /  V  \Jxix  =  0 

t  K  U  C.  a  C.  X  .  U  C  - 

ftj,  k  k  i  f2  k 


Letting  k  -*•  *>  gives 


II  ■“  -v  +  I  ( x)ty(  x , 0 )  dx  = 


This  identity  remains  true  for  all  f*  E.  Hence  u  is  a  solution  of  1.1  and 


U  e  L  <qt)  n  C(QT). 

Remark.  The  modulus  of  continuity  depends  on  the  sequence  {M^}  from  Proposition  4.3, 
which  is  generated  recursively  according  to  the  rule 


Vi =  *,wv  ■  n" 


with  M  =»  Hu  I  <  C_.  This  clearly  depends  on  fl  and  <t>  =*  £  (along  with  all  the  other 

1  k®  2 

data),  but  it  remains  to  be  seen  that  it  may  be  taken  to  depend  only  on  the  functions 
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u1  and  U2 


rom  H3.  Specifically,  we  must  show  that  there  are  sequences 


+  0,  M”  +  0  depending  only  on  an'^  the  test  of  the  data,  such  that 

M"  s  M,  <  M  ’  (4.7; 

k  k  k 

To  do  this  we  write 

Vi  -  \  -  p(V 

where  p(M)  =  M  -  $(8(M)  -  c(M))  =  <{>(  S(  M) )  -  iMB(M)  -  o(M)).  We  may  assume  that  M  -  c(^i 

1  M 

is  nondecreasinq  on  (0,C  ];  if  not,  replace  o(M)  by  o(Mi  =  —  {  min( a( r / , r 0' ( r i ) dr . 

_  _  M  0 
Then  o  satisfies  0  <  o(M)  <  a(  ,  a'(M)  <  Therefore  0(M)  -  a(M)  is 

nondecreasinq . 


Next 

p(M)  >  (  inf  $'<s)}<j(M)  > 


P,(M» 


and 

p(M)  <  (  sup  <t>'(s))o(M)  =  (  sup  - - - )o(M)  <  — — -  o(Ml  1  p  (  M  J 

S<0(M)  S<0(  M )  8'(<t>ts>)  W  2 

Then  P)  and  p2  are  nondecreasinq  functions  of  M  with  p^lO)  =  d^IO)  e  0.  Generate 
sequences  ,  M”  by 

M1  =  M'i  =  M1 

v,  -  "t  -  w 

Vi  =  %  -  W 

Then  4.7  clearly  holds  for  k  =  1 ;  if  we  assume  its  validity  for  some  k,  then 
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k  k 
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SECTION  5 


We  turn  now  to  the  Cauchy  problem 


[  *3  ( u )  ]  =  Au  +  F  (  x  ,  1 1  9  P 

t  T 


u(  x,0  )  =  u^  f  X) 


Pv  a  solution  of  5.1  we  mean  a  function  u  6  V  ,  (R  j  such  that  there  exists 

2,  1 or  T 

v  6  L?  (R  i,  v(x,t)  =  3(u(x,t))  a.e.  satisfying 
loc  T 

j  !  (v^  ~  7u  •  Vo  +  f  ^  -  f  .  }  dxdt  t  '  ;  x  >  y*(  x,  0  )  ix  =  0  f  S  . > 

1  *i  N 

T  R 

00  *1 

for  every  4>  @  Cq(®‘  X  f°'T***  Here  v^(x)  =  3  ( u  ^  ( x ;  )  and  F  has  the  form  r  (f.  ^ 

We  retain  the  assumptions  HI  and  H3  on  u^(x>  and  £.  In  place  of  H2  we  assume 

H4  (i)  F  €  G  { R  i  p  >  N 

p  T  2 

(ii)  If  F  =  f.  +  (f.  j  is  the  function  from  the  definition  of  G  ,  then 
£  0 1  i  e  x .  P 

i 


1£  lP<r  > 


<  A  for  some  constant  A  independent  of  t.  Also  p  >  2. 


Remark .  The  proof  of  Theorem  1.1  is  essentially  local  in  nature  once  we  have  the  global 

bounds  obtained  in  Section  2.  Thus  we  must  show  how  these  results  can  ho  modified  for  f> 

case  of  an  unbounded  domain  so  that  the  remainder  of  the  proof  may  proceed  u<>  before.  T5 y 

G  (R  )  we  mean  {F  P  G  (R  ):  there  exists  F  ,  G  e  cVr  >  and  A  <  »  satisfvmq 

p  T  p  T  c  c  T 

(  i )  F  ♦  F  in  G  (R  )  as  t  ♦  0 
e  p  T 

( i  i  >  hfii  ,  uc;  r?  <  a 

c  G  r  <.» 

P  P 

(  Hi)  For  any  O'  •'r  there  exists  >  0  such  that  IF  |  «;  G  in  2'  for 

e  <  c^.}  Condition  ^  i  i  >  in  H4  is  used  only  to  obtain  a  qlobal  T  bound;  the  assumption 

that  p  >  2  is  a  restriction  onlv  for  N  -  1.  The  condition  HJ  is  satisfied  by  anv 

p  N  ♦  2 

F  0  r/  (Rt>  for  p  >  — ~ — . 

Theorem  5.  1  .  Under  assumptions  HI,  Hi  and  H4  the  problem  ^.1  has  a  sol  at  ion. 

u  e  L  (9  )  •'(*>) 

T  T 


The  norm  Hull 


and  th«  modulus  of  continuity  of  u  i^nl  onlv  on 


h  (R  ) 
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constants  from  HI,  Ml  and  H4 
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Remark.  (i)  Existence  results  are  known  from  nonlinear  semigroup  theory  for  the  case 
1  ^  n 

F  e  L  (R^),  Cu  (x))  6  L  (R  ) .  One  of  the  earliest  existence  results  for  equations  of 
this  kind  is  given  in  Sabinina  [16],  for  the  case  F  =  0,  u  ix)  e  L2(RN;  with 
u^(xj  *  0.  See  also  [17]. 

IN  oo 

(ii)  If  it  is  assumed  that  d(u  )  6  L  (R  )  n  L  (R  )  then  uniqueness  follows  from 
[8].  The  uniqueness  problem  is  currently  under  active  investigation. 

For  the  proof  we  study,  as  before,  the  regularized  problem 


v  *  A(  (v)  +  cv)  +  F  (x,t) 
t  n  e 


( x ,  t )  e  r 


(5.3)  ( n , e ) 


v( x, 0 )  -  vQc(x) 


x  e  r 


and  the  corresponding  problem  for  u  -  ( v J 

n 


[ts  ( u )  1  *  A(  u  +  e  (u))  +  F  (x,t) 

n  t  n  G 


(5.4)  (n,£) 


u(  x ,  0  j  =  (+>  (vn  (  V)  ) 
n  0  c 


We  choose  $  and  v^  as  in  Section  2;  in  this  case  v„  ♦  in  L  ( )  for  any 
n  0  g  0  G  0 

bounded  (i  C  RN.  F  (x,t)  is  the  function  from  H4. 

c 

Let  Br  =  {x  :  |  x  I  <  r)  and  Kr  “  Br  x  Suppose  vQ^(x)  =  0  for  1*1  *  rQ*  A 

solution  of  5.3  (n,e)  may  be  obtained  as  the  pointwise  limit  of  some  subequence  of 

(v  }  where  v  satisfies 

r  r,r0 

v  =  ,M4>  (v)  ♦  ev)  +  F  (x,t)  (x i tj  e  K  (5.5)  (n,e,r) 

t  n  e  r 


v(x,0 )  =  v„  (x) 
0  G 


x  e  r 


v ( x , t )  =  0  I  x|  =  r 

For  a  discussion  of  this,  see  pages  492-496  of  [14]. 

We  now  show  that  solutions  of  this  problem  are  uniformly  bounded,  independently  of 
n,f.  and  r.  The  maximum  principle  of  Section  2  relied  on  the  inequality 


U<V  <  Iqt* 


which  is  obviously  of  no  use  here. 
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We  will  use  Instead  the  estimate 


|  {If  1  >  k}|  <  (-£-2)  (5.6; 

which  is  valid  for  f  e  LP(R  ). 
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Proposition  5.1.  There  exists  a  constant  depending  only  on  the  data,  such  that 
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which  is  bounded  by  some  constant  dependinq  only  on  the  data.// 
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solutions  of  f .  -J  (n,  -  i  are  also  uniformly  hounded* 

7 

Next  we  derive  local  T,  estimates  for  Vu  in)  7v. 


3f— 


<  P  J  I  f  ^  I  I  ( v  -  P  1 !  dx  +  p(p  -  1  |E1  f  |(v  -  k1<TP  "I  I  'A/ 1  J'  ix 


+p-2m.,..2. 


+  Ei£_^i >  r  f2|(v  .  k  ,+p-2|dx 

4c1  e  1 

“2(V 

Recall  that  $'(vj  +  •:  >  11  (k„)  >0  if  v  >  k  .  Choose  c  =  — - - •  Then 

n  2  i  1  12 


4r  {  (V  "  k  )+P  <  P  '  lfn  I(V  -  k  )+P  ’dx  +  |fp  r  f*(v  -  k  )+P  ‘dx 

dt  1  -Or  1  2^^  ( k  i  J  '  c  1 


4  *  If  l”dx  +  (p  -  1)  '  (v  -  k  )  Pdx 


*  r  ifjpdx  ♦  '  (v  -  kj  -dx  . 


u2<k.,)  •  e 


2W 


r  +p 

Set  q(t)  =  ]  ( v( x , t I  -  k  )  dx .  We  have  just  shown 

Mr) 

g’  ( t )  -  ag( t)  4  hit) 


where 


hit)  =  /  |f0t(x/t)|pdx  +  E~"y  J  |f’E(x,t)  | 


2  1 


Pdx  and  a  =  max(p  -  1,-^ — — - 

2V  1 


hy  hypothesis  q(0)  =  0.  Hence,  by  Gronwall's  inequality 


q(t)  <  ectt  f  e  t3u'*h(s)v1s  <  eai  [  h( 


err 


and  so 


II  ( v  -  k  >  r 

1  o 

L  (K  )  0 


T  T 

15  /  q(t:;dt  <  Te^  f  hfsjds 
(l 


<*T  /  _  p  p  -  1  p , 

=  Te  f  »f_  i r  +  - —  Jif  r  1 

n  e  p  u?  ( *  1 )  r  p 


which  is  bounded  by  some  constant  dependinq  only  on  the  data.// 

It  now  follows  that  the  same  estimate  holds  for  solutions  or  r'.  1  (n,i  i,  an  1  t  ha 
solutions  of  f .  -J  (n,  -  i  are  also  uniformly  hounded* 

7 

Next  we  derive  local  T,  estimates  for  Vu  in)  7v. 


3f— 


,  .  k  e 
1  lm  u 


for  some  subsequence*  n^ ,  and  the  convergence  is  uniform  on  compact  sets.  By  Proposition 
•  nk  '  nk  r , 

5.2  '7  u  ► ,  < V  v  i  are  weakly  compact  on  any  fixed  compact  set  in  R^.  By  a  diagonal 


argument  we  may  find  functions  u 


v  P  1-7  (R  )  such  that 
loc  T 


,  k  t. 
v  u 


V  r 

7  v 


weakly  in  L~(K  ;  for  any  r,  and  for  some  further  subservience  which  wo  again  call  n. 

r  K 

It  follows  that  u f  =  VuS  vr'  "  7ve  in  the  sense  of  distributions,  hence  also  in 


(R  >•  Wt?  thus  obtain,  analogously  to  2.11 
loc  T 

r!  (vE,i>  -  7 ( u +  r v e )  •  7 v  +  f.  -  f.  )dxdt  ♦  r  v  (  x )  ;■(  x ,  n  )  dx  =  0 
t  icx.  0e 


(5. in) 


CO  N 

for  -J  e  Cg(  W  X  (0  ,  T )  ) . 

The  local  results  of  Sections  3  and  4  remain  valid;  the  modulus  of  continuity  of  u 
depends  on  the  initial  and  boundary  conditions  and  on  ( 72 1  only  through  its  dependence  on 
the  global  L  norm.  In  particular,  the  functions  {u‘ },  {vr}  are  equicont inuous .  Thus 
we  mav  define 


u(  x  *  t )  -  1 im  u  (x,t) 
e 

k 


v(x,t)  =  lim  v  (x,t) 


where  the  oonvor  icnce  is  uniform  on  compact  sets.  Clearly  v(x,t)  =  i’,(u(x,t))  for 
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on  any 


r 


(x,t)  e  R  .  As  before  we  have  Vu  e  L?  (R„)  and  Vu  *  *  Vu  weakly  in  L2 
T  loc  T 

compact  set. 

Thus  we  may  pass  to  the  limit  in  5.10  throuqh  the  sequence  which  yields  5.2. 

Theorem  5.1  is  therefore  proved. 

Remark .  This  result  extends  to  arbitrary  unbounded  space  domains  fl  as  long  as  there 

exists  a  sequence  of  subdomains  il  cc  i!  such  that  12  has  smooth  boundary,  U  c  11 

„  n  n  n  n*  1 

and  H  -  U  U  .  We  specify  zero  boundary  conditions  on  3Q  x  (0,T)  as  before. 

.  n 
n=  1 


SECTION  6. 

Consider  again  the  case  of  a  bounded  domain  il.  In  place  of  the  iP  conditions  on 
F  we  may  assume  instead  conditions  involving  the  spaces  Lq,r(Qj.),  where 

Lq,r(QT>  =  {f  measurable  on  ;  llfll^  ^ 


_  r  1 

T  — 

Jt  B  =  (/  ['  lf(x,tl  |qdx)qdtlr 

q'r'ar  0  a 


Analogously  to  the  L*3  case  we  define 

Gq,r<QT’  =  {F  S  r’  '^t*  :  F  =  f0  +  (Vx.'  fn'f<  e  LC,'r(QT>  } 


N  ♦  2 


and  then  define  Gq,r<&r>  in  the  obvious  way.  The  correct  generalization  of  p  >  : — - 

is  —  ♦  ~  <  1  #  r  >  1 ,  q  >  1 . 
r  2q 

In  this  section  we  assume  the  hypotheses  HI  and  H3  and  that 

1  N 

F  e  G  (Q_)  for  -  +  —  <  1  . 
g,r  T  r  2q 


As  before,  in  the  nondegenerate  case,  it  is  known  that  the  problem  1.1  has  bounded 

continuous  solutions  for  F  €  with  the  same  condition  on  the  indices  r  an \  j. 

For  the  proof  we  need  a  generalization  of  Lemma  2.1. 
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for  u0V^(Q  )  provided  q,r  satisfy 
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<7 
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N  y  3 
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<2,«>1 
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(2 

N  -  2 
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14,  H 

a 

9 

:2,»j 

N  -  1 

See  pages  74-75  of  '14]. 

Theorem  2.1  remains  true  with  these  modified  conditions  on  and  £•. 

The  proof  of  interior  continuity  proceeds  as  in  the  original  case;  non-trivial 
modifications  are  necessary  only  in  Propositions  2.1  and  3.1.  We  sketch  here  the  rerun  • 
changes.  Put 


rj_ 

q' 


q ' 


q  -  1 


P  ® 


1 


2_ 

NO 


u( 


I A^( t ) I  dt 


The  pair  {2p,2p9)  satisfy  the  requirements  of  Lemma  6.1 ,  i.e. 

1  N_  _  N 

2pb  4p  4 

In  Proposition  2.1  no  change  is  necessary  up  to  Equation  2.5.  Then  use  Lemma  6.1  to  der 


tt C v  -  k) 


2p, 2p0 


s  cf  f 
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(  t) 


r2  ix.it 


♦  (/  (  J 

0  Ak(t, 


(  2p'>)  '  2 


where*  a  prime  denotes  the  usual  Holder  coniugato  exponent.  From  this  it  follows  that 


lifht 
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*  =  2p  n ; 


t*  >  1  since 


1 


t 


hence  Lemma  2.1  ar»pj  ie.e  as  her 


for  v*  =•  rx  =  <£p*»;  -f  >  i  sincf;  —  + 

r 1  1  r  £\\  ' 

*141,  p.  181  for  a  sliqhtly  different  proof  in  the  non-dt^enera t* 
In  Proposition  3.1  we  may  continue  as  before  until  line  3.0. 

t 

f*.1  to  derive  an  estimate  for  11 r  ( w  -  V)  R_ 

2p » 2p  o 

Define 


1  m  I  d  j 


+  2  ,*j 

(w  -  k  i  dx  dt 


where 


The  inequalities 


and 
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'V'i.O 


11  (  < 


are  valid.  From  these  we  can  aqain  derive  the  inequality 


with 


1  *h 


J  ,  <  k  k  j 

mt  1  13m 


0 


The  rases  0*1  and  0  <  1  must  he  considered  spearat'*!  v. 
With  these  chancres  the  rest  of  the  proof  cr.v  cods  as  is  ••;»*•  w 
Theorem  1.1  remains  valid  under  these  conditions  on  F. 


ase . 

Then  aqa  we 


1 


-  n- 
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